In this paper, we use the systematic modified Adomian decomposition method (ADM) and the phenomenon of the self-canceling "noise" terms for solving nonlinear weakly-singular Volterra, Fredholm, and Volterra-Fredholm integral equations. We show that the proposed approach minimizes the computation, when compared with other conventional schemes. Our results are validated by investigating several examples. 
Introduction
In this work, we will consider the solution of the nonlinear weakly-singular Volterra integral equations, nonlinear weakly-singular Fredholm integral equations, and nonlinear weakly-singular Volterra-Fredholm integral equations.
The nonlinear weakly-singular Volterra integral equations * E-mail: wazwaz@sxu.edu of the second kind read [1, 2] ( ) = ( ) +
and can be generalized to
where V ( ( )) is a nonlinear function of ( ). However, the nonlinear weakly-singular Fredholm integral equations (4) where F ( ( ) is a nonlinear function of ( ). The nonlinear weakly-singular Volterra-Fredholm integral equations [2] of the second kind take the form ( ) = ( ) + λ 1 0
where at least one of the kernels K ( ) = 1 2 is weakly-singular. It is interesting to note that (5) contains disjoint Volterra and Fredholm integrals. Moreover, the unknown function ( ) appears inside and outside the integral signs, a characteristic feature of a second-kind integral equation. The nonlinear weakly-singular Volterra integral equations (1) and (2) arise in many mathematical physics and chemistry applications such as stereology, heat conduction, crystal growth and the radiation of heat from a semi-infinite solid [1, 2] . However, the nonlinear weakly-singular Fredholm integral equations often arise in practical applications such as Dirichlet problems, problems of radiative equilibrium, potential theory, electrostatics, the particle transport problems of astrophysics and reactor theory, and radiative heat transfer problems [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . It is also assumed that the function ( ) is a given real-valued function. The nonlinear weakly-singular Volterra-Fredholm integral equations [2] arise from parabolic boundary value problems, from the mathematical modelling of the spatio-temporal development of an epidemic, and from various physical and biological models. Numerical algorithms for solving equations (1)-(4) have been used by many authors, where the main goal was the determination of numerical approximations of the solutions. Examples of the methods that were used so far are the Galerkin, collocation, quadrature methods, the homotopy analysis method, the Taylor series method, and the variational iteration method [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] . Other useful methods were also used in [25] [26] [27] [28] such as the fast spectral method [25] , the spectral method [26] , the random point approximation method [27, 28] . In [25] , fast spectral collocation method was applied for surface integral equations of potential problems in a spheroid. In [26] , the spectral collocation method was used for solving Fredholm integral equations on the halfline. In [27] , the memory effect between the heat flux and time-dependent temperature gradient is established by developing an integral equation which involves a convolution integral and it is achieved by using random point approximation method.
The Volterra-Wiener functional series is employed in [28] to the case of medium with a discontinuous coefficient of thermal conductivity which is represented by using an integral equation involving random superposition of Dirac-delta functions describing the heterogeneity of the suspension. In this work, we will use the modified Adomian decomposition method (ADM) and the noise terms phenomenon to determine exact solutions of such nonlinear integral equations. In the sequel, we will briefly review the necessary steps of the two proposed schemes that will be used.
The solution methods
The Adomian decomposition method [3] [4] [5] [6] [7] [8] [9] [10] , the modified decomposition method, and the noise terms phenomenon are thoroughly used in the literature with several reliable results. In what follows, we will briefly review the necessary steps of the proposed aforementioned schemes that will be used.
The Adomian Decomposition Method
The Adomian decomposition method (ADM) works effectively for a wide variety of linear and nonlinear differential and integral equations. To determine the solution ( ), we substitute the decomposition series for the solution
and 
The modified decomposition method
The Adomian decomposition method, well-known now in the literature [3] [4] [5] [6] [7] [8] [9] [10] , decomposes the solution of any equation as an infinite series of components, where these components are determined recurrently. However, the modified decomposition method introduces a slight change in the recurrence relation. The standard ADM assigns all terms ( ) that are not included under the integral sign to the zeroth solution component 0 ( ), while the modified method decomposes the function ( ) into two components 0 ( ) and 1 ( ), where only the first part is assigned to the zeroth solution component, and the latter is added to the first solution component 1 ( ) in addition to the other terms assigned by using the standard ADM. In other words, the modified method introduces the modified recurrence relation given as
Notice that the at least one of the limits of integration, either ( ) or ( ), must be a function of the independent variable in the case of Volterra integral equations, and both limits should be constants for the case of Fredholm integral equations. The use of the modified decomposition method not only minimizes the computations, but avoids the use of the higher order Adomian polynomials for such cases. It is worth noting that a proper selection of 0 ( ) and 1 ( ) is essential for a successful use of the modified decomposition method.
The noise terms phenomenon
The noise terms are defined as the identical terms with opposite signs that may appear within the components ( ), for ≥ 0. The noise terms, if appearing especially within both of the components 0 ( ) and 1 ( ), will provide the exact solution by using only the first two iterations. By canceling the noise terms for 0 ( ), the remaining non-canceled terms of 0 ( ) may give the exact solution, and this can be verified through substitution into the original equation. The appearance of the noise terms allows us to accelerate the convergence of the series solution. Note that the noise terms appear only for specific types of inhomogeneous equations, whereas noise terms do not appear for homogeneous equations. For more information about the concept of noise terms and the necessary conditions for their existence, the reader is referred to [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] and the references therein.
To validate our new approach, we shall examine several illustrative examples, where each one will be investigated by using the modified decomposition method, then by using the ADM combined with the noise terms phenomenon. In both cases, we only need the zerothorder Adomian polynomial A 0 ( ) = F ( 0 ( )). As will be shown in the sequel, there is no need to use the higherorder Adomian polynomials in such cases, because we shall see that the computations will mostly depend on the determination of 0 ( ) and 1 ( ).
It is worth noting that if ( ) consists of one term, the modified decomposition method cannot be used. Moreover, the noise terms rarely appear. In this case, the Adomian decomposition method is the most efficient method to use.
The nonlinear weakly-singular Volterra integral equations
In this section, we will investigate five weakly-singular Volterra integral equations, four nonlinear and one linear. We begin by applying the modified decomposition method and next by using the ADM combined with the noise terms phenomenon.
Example 1
Consider the nonlinear weakly-singular Volterra integral equation
We first decompose ( ) = 2 − 5 32 π 6 into two parts defined as 0 ( ) = 2 1 ( ) = − 5 32
Consequently, we can set the modified recurrence relation as 0 ( ) = 2 1 ( ) = − 5 32
where the zeroth-order Adomian polynomial A 0 ( ) = 3 0 ( ). Based on this result, the subsequent solution components ( ) = 0 for ≥ 2. The exact solution,
is thus readily obtained.
(
ii) The ADM combined with the noise terms phenomenon
The ADM admits the use of the standard recurrence relation 
The ADM combined with the noise terms phenomenon
The ADM admits the use of the standard recurrence relation as 0 ( ) = 4 − 
which gives the exact solution,
obtained upon using the geometric series.
The nonlinear weakly-singular Fredholm integral equations
In a manner parallel to our earlier analysis, we will investigate three nonlinear weakly-singular Fredholm integral equations. We shall begin by applying the modified decomposition method and then the ADM combined with the noise terms phenomenon.
Example 6
Consider the nonlinear weakly-singular Fredholm integral equation
(i) The modified decomposition method
This allows us to set the modified recurrence relation as
where the zeroth-order Adomian polynomial A 0 ( ) = 2 0 ( ). Based on this result, the subsequent solution components ( ) = 0 for ≥ 2. The exact solution,
(ii) The ADM combined with the noise terms phenomenon
The ADM admits the use of the standard recurrence relation
The noise terms ∓ 
(ii) The ADM combined with the noise terms phenomenon
By canceling the noise terms from 0 ( ), and proceeding as before, the exact solution is thus given as ( ) = (cos ) 1 3 (57)
The nonlinear weakly-singular Volterra-Fredholm integral equations
The Volterra-Fredholm integral equations [2] arise from parabolic boundary value problems, from the mathematical modelling of the spatio-temporal development of an epidemic, and from various physical and biological models. The weakly-singular Volterra-Fredholm integral equations take the form
where at least one of the kernels K ( ) = 1 2 is weakly-singular. It is interesting to note that (58) contains disjoint Volterra and Fredholm integrals. Moreover, the unknown function ( ) appears inside and outside the integral signs, a characteristic feature of a second-kind integral equation. In handling this kind of equation, we will follow the same approach presented earlier, hence we skip the details. In what follows, we will examine two weakly-singular Volterra-Fredholm integral equations.
Example 9
Consider the nonlinear weakly-singular VolterraFredholm integral equation 
which can be readily verified.
Example 10
Following the discussion presented earlier, we find 0 ( ) = cos 1 ( ) =0
(67)
The exact solution, ( ) = cos (68) is thus readily obtained.
The ADM admits the use of the standard recurrence relation as 0 ( ) = cos − By canceling the noise terms from 0 ( ), the exact solution is thus given as ( ) = cos (70) which can be readily verified.
Conclusion
In this work, we have concerned ourselves with the determination of the exact closed form solutions of several nonlinear weakly-singular Volterra equations, Fredholm integral equations, and Volterra-Fredholm integral equations. The analysis that we followed stems from using the modified form of the Adomian decomposition method on the one side, and on using a combined scheme of the Adomian decomposition method and the noise terms phenomenon on the other. The results obtained by using the two schemes are found to be the same. In both instances, the size of the calculations was minimized, which validates the efficiency and reliability of the two proposed techniques.
